Ramsey numbers for a disjoint union of good graphs  by Bielak, Halina
Discrete Mathematics 310 (2010) 1501–1505
Contents lists available at ScienceDirect
Discrete Mathematics
journal homepage: www.elsevier.com/locate/disc
Ramsey numbers for a disjoint union of good graphs
Halina Bielak
Institute of Mathematics, UMCS, Lublin, Poland
a r t i c l e i n f o
Article history:
Received 30 December 2008
Received in revised form 30 November
2009
Accepted 1 December 2009
Available online 23 December 2009
Keywords:
Complete graph
Forest
G-good graph
Ramsey number
Tree
a b s t r a c t
We give the Ramsey number for a disjoint union of some G-good graphs versus a graph G
generalizing the results of Stahl (1975) [5] and Baskoro et al. (2006) [1] and the previous
result of the author Bielak (2009) [2]. Moreover, a family of G-good graphs with s(G) > 1
is presented.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let G,H, F be simple graphs with at least two vertices. The Ramsey number R(G,H) is the smallest integer n such that in
arbitrary two-colouring (say red and blue) of edges of a complete graph Kn a red copy of G or a blue copy ofH is contained (as
subgraphs). Equivalently, R(G,H) is the smallest integer n such that every graph F of order n contains a subgraph isomorphic
to G or F contains a subgraph isomorphic to H , where F is the complement of F . We write R(G) instead of R(G,G).
For graphs G,H such that H is a subgraph of G, let us define G− H as the graph obtained from G by deleting the vertices
of H and all edges incident to them.
The graph H is G-good if R(H,G) = (χ(G) − 1)(|V (H)| − 1) + s(G), where s(G) is the chromatic surplus of G, i.e., the
minimum cardinality of colour classes over all chromatic colourings of V (G).
Chvátal [3] proved that R(Tn, Km) = (m− 1)(n− 1)+ 1,where Tn is a tree of order n. Thus trees are Km-good graphs.
Let F be a graph, c(F) be the order of the largest component of F and ki(F) be the number of components of order i in
F . Let Ti be a tree of order i. Stahl [5] extended the result of Chvátal to the family of disjoint trees proving the following
theorem.
Theorem 1 (Stahl [5]). If F is an arbitrary forest then
R(F , Km) = max
1≤j≤c(F)
{
(j− 1)(m− 2)+
c(F)∑
i=j
iki(F)
}
.
Baskoro et al. [1] proved the equivalent form of the formula of Stahl for special cases of forests. Their result is cited below.
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Theorem 2 (Baskoro et al. [1]). . Let k,m be positive integers such that m ≥ 2 and ni ≥ ni+1 for i = 1, 2, . . . , k − 1. If
ni ≥ (ni − ni+1)(m− 1) for any i = 1, 2, . . . , k− 1, then
R
(
k⋃
i=1
Tni , Km
)
= R(Tnk , Km)+
k−1∑
i=1
ni.
We prove a generalization of both of the above results, where instead of Km we consider a graph G with the chromatic
surplus s(G) ≥ 1, and instead of a family of trees we consider a family of some graphs consisting of G-good components. The
author [2] proved a similar extension of the above results to some class of graphs with G-good components for s(G) = 1.
Moreover, a family of G-good graphs with s(G) > 1 is presented.
2. Main results for graphs with G-good components
First we prove the following two lemmas.
Lemma A. Let F be a G-good graph, where G is a graph with χ(G) ≥ 2 and the chromatic surplus s(G). Then |V (F)| ≥ s(G)+ 1.
Proof. Suppose that F is a G-good graph and |V (F)| ≤ s(G). Let r = (χ(G) − 1)(|V (F)| − 1) + s(G). Note that r ≤
(χ(G) − 1)(s(G) − 1) + s(G) = χ(G)s(G) − (χ(G) − 1) < |V (G)|. Hence, Kr does not contain G. Thus R(G, F) > r , a
contradiction to F being a G-good graph. 
Lemma B. Let G be a graph with χ(G) = m ≥ 2 and the chromatic surplus s(G). If F is a graph with t G-good components each
of them with n vertices, then
R(F ,G) = (n− 1)(m− 2)+ nt + s(G)− 1.
Proof. By Lemma A we have that n > s(G). So the graph H = Knt−1 ∪ (m− 2)Kn−1 ∪ Ks(G)−1 does not contain F . Moreover,
χ(H) ≤ m and atmostm−1 colour classes ofH contains at least s(G) vertices. So, by definition of s(G) andχ(G) = m ≥ 2,H
does not contain G and we get R(F ,G) ≥ (n− 1)(m− 2)+ nt + s(G)− 1. The reverse inequality we prove by induction on
t . For t = 1 the lemma is reduced to the definition of the G-good graph with the chromatic surplus s(G).
We assume the assertion of the lemma for all graphs with t − 1(t > 1) components each of which is a G-good graph on
n vertices.
Let H be a graph on (n−1)(m−2)+nt+ s(G)−1 vertices such that H does not contain G. Wewill prove that H contains
F . Let C be a component of F . Since |V (H)| = (n− 1)(m− 2)+ nt + s(G)− 1 > (n− 1)(m− 2)+ n+ s(G)− 1 we conclude
that H contains C . Note that |V (H) − V (C)| = (n − 1)(m − 2) + n(t − 1) + s(G) − 1. In view of the inductive hypothesis
we get that H − C contains F − C . So H contains F . 
By Lemmas A and B we get an extension of the result of Stahl [5] and the previous result of the author [2] stated for
s(G) = 1. The extension is presented in the following theorem.
Theorem 3. Let G be a graph with χ(G) = m ≥ 2 and the chromatic surplus s(G). If F is a graph with G-good components then
R(F ,G) = max
1≤j≤c(F)
{
(j− 1)(m− 2)+
c(F)∑
i=j
iki(F)
}
+ s(G)− 1.
Proof. Let Fj be the subgraph of F consisting of all the components with at least j vertices, where 1 ≤ j ≤ c(F). Evidently,
the graph Fj − Fj+1 consists of kj(F) components with exactly j vertices. Moreover, Fj+1 is the subgraph of Fj. Suppose that
the maximum in the assertion is assumed for j = j0. Set p0 =∑c(F)i=j0 iki(F). Let r = (j0 − 1)(m− 2)+ p0 + s(G)− 1 and let
H = Kp0−1 ∪ (m− 2)Kj0−1 ∪ Ks(G)−1. Note that |V (Fj0)| = p0. By Lemma A we have that j0 > s(G) and therefore H does not
contain the graph Fj0 . SoH does not contain the graph F . Moreover, by χ(G) = m and the definition of s(G), the complement
of H does not contain G. Thus R(F , Km) ≥ r . To prove the reverse inequality suppose that the complement of a graph H of
order r does not containG.We show thatH contains F . Assume that c(F) = n. Note that r ≥ (n−1)(m−2)+nkn(F)+s(G)−1.
Thus, by Lemma B, we have that H contains Fn. Now we use descending induction to show that H contains Fj for each j ≥ 1.
Let us state the inductive hypothesis: H contains Fj+1 for some j < n. Note that Fj+1 has
∑n
i=j+1 iki(F) vertices. Thus the
graph H − Fj+1 has r −∑ni=j+1 iki(F) vertices. By the definition of r , we get r ≥ (j − 1)(m − 2) +∑ni=j iki(F) + s(G) − 1.
Hence r −∑ni=j+1 iki(F) ≥ (j − 1)(m − 2) + jkj(F) + s(G) − 1 = R(Fj − Fj+1,G). The above equality follows by Lemma B.
So the graph H − Fj+1 contains the subgraph Fj − Fj+1 and therefore H contains Fj. By induction, H contains F1 = F . 
Similarly the result of Baskoro et al. and the previous result of the author [2] stated for s(G) = 1 can be extended to a
more general class of graphs with G-good components for s(G) ≥ 1. The following theorem presents some generalization.
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Theorem 4. Let G be a graph with χ(G) = m ≥ 2 and the chromatic surplus s(G). Let F = ⋃ki=1 Fni , where each Fni is a
connected G-good graph of order ni(1 ≤ i ≤ k). Let for i = 1, 2, . . . , k−1, ni ≥ ni+1 and p(ni) = 1 if ni ≥ (ni−ni+1)(m−1),
and p(ni) = 0 in the opposite case. If p(ni) = 0 for each j ≤ i ≤ k − 1 and p(ni) = 1 for 1 ≤ i ≤ j − 1, where j is an integer
1 ≤ j ≤ k, then
R(F ,G) = (m− 1)(nk − 1)+
k−1∑
i=1
nip(ni)+ (m− 1)
k−1∑
i=1
(ni − ni+1)(1− p(ni))+ s(G).
Proof. Let t = (m− 1)(nk − 1)+∑k−1i=1 nip(ni)+ (m− 1)∑k−1i=1 (ni − ni+1)(1− p(ni))+ s(G).
First we prove the inequality R(F ,G) ≤ t by induction on k. For k = 1we get the result by definition of the G-good graph.
Let us assume the inductive hypothesis for all graphs consisting of s G-good components, where 1 ≤ s < k :
R
(
s⋃
i=1
Fni ,G
)
= (m− 1)(ns − 1)+
s−1∑
i=1
nip(ni)+ (m− 1)
s−1∑
i=1
(ni − ni+1)(1− p(ni))+ s(G).
Let us take an arbitrary graph H of order t . Suppose that H does not contain G as a subgraph. Note that
t = (m− 1)(nk−1 − 1)+ s(G)+
k−2∑
i=1
nip(ni)+ (m− 1)
k−2∑
i=1
(ni − ni+1)(1− p(ni))+ w,
where
w = −(m− 1)(nk−1 − nk)+ nk−1p(nk−1)+ (m− 1)(nk−1 − nk)(1− p(nk−1)).
Note thatw ≥ 0. So, by inductive hypothesis, the graph H contains B =⋃k−1i=1 Fni as a subgraph.
Note that t −∑k−1i=1 ni ≥ (m− 1)(nk − 1)+ s(G).
So the graph H − B contains Fnk . Hence, H contains F =
⋃k
i=1 Fni .
To prove the inequality R(F ,G) ≥ t let us define a graph H of order t − 1 such that H does not contain F as a sub-
graph and H does not contain G as a subgraph. We first note that t − 1 = (m − 2)x + y + s(G) − 1, where x =
nk − 1+∑k−1i=1 (ni − ni+1)(1− p(ni)) and y =∑ki=1 ni − 1−∑k−1i=1 ni+1(1− p(ni)).
Moreover, by the assumption of the theorem, we have x = nj − 1 and y =∑ji=1 ni − 1.
Thus, let us consider the graph H = (m− 2)Kx ∪ Ky ∪ Ks(G)−1. Note that Fni (i ≤ j) is not a subgraph of Kx. Moreover, by
Lemma A, Fni (i ≤ j) is not a subgraph of Ks(G)−1.
So if F is a subgraph of H , then
⋃j
i=1 Fni is a subgraph of Ky. But this is impossible because
∑j
i=1 ni > y. Finally, G is not
a subgraph of H (since at most χ(G)− 1 colour classes in the graph H have at least s(G) vertices). 
3. Connected G-good graphs
In this chapter we present some examples of connected G-good graphs with the chromatic surplus s(G) ≥ 1. Evidently,
by R(C2k) = 3k− 1 for k ≥ 3 [4], C2k is C2k-good with s(C2k) = k for k ≥ 3.
Let C5,t be the graph obtained from C5 by joining exactly one vertex of C5 to all vertices of K t , t ≥ 1. Let C5,0 be the graph
isomorphic to C5. By R(C5) = 9 (see [4]), C5 is C5-good graph. We will prove that the graph C5,t is C5-good for t ≥ 0 and C5,t
is 2C5-good for t ≥ 2.
Theorem 5. R(C5,t , C5) = 2t + 9, t ≥ 0.
Proof. Let H = Kt+4 ∪ Kt+4. Note that H does not contain C5,t as a subgraph. The bipartite graph H does not contain C5 as
a subgraph. So R(C5,t , C5) ≥ 2t + 9. The reverse inequality will be proved by induction on t . If t = 0 the theorem holds
by R(C5) = 9 (see [4]). Let t ≥ 1. Assume that R(C5,s, C5) ≤ 2s + 9, for 0 ≤ s < t . Suppose that G is a graph of order
2t + 9, t ≥ 1, such that G does not contain C5 as a subgraph. By inductive hypothesis G contains S = C5,t−1 as a subgraph.
Let x be the vertex of S with degS(x) = t + 1. We can assume that degG−V (S)∪{x}(x) = 0, since otherwise G would contain
C5,t as a subgraph. Hence degG−V (S)∪{x}(x) = t + 5. Let X be the set of vertices in G − V (S) nonadjacent to x in G. Let y be a
vertex of degree 2 in S, y 6= x. We can assume that degG−V (S)∪{y}(y) ≤ t − 1, since otherwise G would contain a subgraph
isomorphic to C5,t . Let Y be the set of vertices in G−V (S) nonadjacent to y in G. Let Q = X ∩Y . Note that |Q | ≥ 6.Moreover
Q induces the complete subgraph inG, since otherwise the subgraph ofG generated byQ ∪{x, y}would contain C5. Similarly,
if X − Q 6= Ø, then each vertex of X − Q is adjacent to the vertices of Q in G, since otherwise G would contain C5. Thus we
get C5,t in the subgraph generated by X in G. The proof is done. 
Theorem 6. R(C5,t , 2C5) = 2t + 10, t ≥ 2.
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Proof. Let H = Kt+4 ∪ Kt+4 ∪ K1. Note that H does not contain C5,t as a subgraph and H does not contain 2C5 as a subgraph.
So R(C5,t , 2C5) ≥ 2t+10. Note that C5 is C5-good. So, by Theorem 4, R(C5, 2C5) = 14. Take a graph G of order 2t+10, t ≥ 2,
such that G does not contain 2C5 as a subgraph. By Theorem 5, we can assume that G contains C = C5 as a subgraph, else G
contains C5,t and the proof is done. Let V (C) = {a, b, c, d, e} be the consecutive vertices of the cycle C . Consider the graph
H = G−V (C). Note that |V (H)| = 2(t−2)+9. Since t ≥ 2 and G does not contain 2C5, by Theorem 5,H contains S = C5,t−2
as a subgraph. Let x be the vertex of S with degS(x) = t (if t = 2 then S = C5 and we set x as an arbitrary vertex of S). Let
{x, y, u, w, v} be consecutive vertices of the cycle C5 in S and Q = V (S) − {x, y, u, w, v}. Let X = V (H) − V (S). Evidently,
|X | = t + 2 ≥ 4. Assume that X = {x1, x2, x3, . . . , xt+2}. We can assume that the vertex x has at most one neighbour in H
from X , say xt+2, since otherwise we get C5,t in H and the proof is done.
Without loss of generality yx1, yx2 6∈ E(G). We have two cases.
Case 1. Let yxi ∈ E(G) for some xi ∈ X such that xxi 6∈ E(G). Without loss of generality assume that i = t + 1.
Case 1.1. Suppose that yxt+2 ∈ E(G). So t > 2, since otherwise G contains C5,2 as a subgraph and the proof is done. Thus
yq 6∈ E(G) for some q ∈ Q 6= Ø, since otherwise G would contain C5,t . Then q is adjacent to the vertices of X − {xt+2} in
G, since otherwise G would contain 2C5. Hence xt+2 is not adjacent to the vertices of X − {xt+2} in G, since otherwise the
subgraph of G generated by X ∪ {y, x, q} would contain C5,t . Note that X − {xt+2} ∪ {q} induces Kt+2 in G, since otherwise
Gwould contain 2C5. We can assume that vq, vy 6∈ E(G), since otherwise X − {xt+2} ∪ {q, x, y, v}would generate C5,t in G.
Similarly, qxt+2 6∈ E(G), since otherwise X ∪ {q, x, y} would generate C5,t in G. But now {q, v, y, x1, xt+2} generates C5 in G,
a contradiction.
Case 1.2. Suppose that yxt+2 6∈ E(G). Hence xi is adjacent to all vertices of X−{xi} (i = 1, 2, . . . , t+2) in G, since otherwise G
would contain 2C5 as a subgraph. (If t = 2 then we consider the case x1x2 6∈ E(G) as well.) In both cases we can assume that
xiv, xiw 6∈ E(G), since otherwise X ∪{v, x, y} or X ∪{w, u, y}would generate C5,t in G. Nowwe can assume that y is adjacent
to v and w in G, since otherwise G would contain 2C5 as a subgraph. Further, each vertex of X is adjacent to each vertex of
Q in G, since otherwise Q ∪ X ∪ {x, y} would generate C5,t in G. Then, xt+2 is not adjacent to {v,w, u, x}, since otherwise
X ∪{v, x, y} or X ∪{w, v, y}would generate C5,t in G. Hence {v, x, y, u, w} induces K5 in G, since otherwise Gwould contain
2C5. Similarly, yq ∈ E(G) for each q ∈ Q . Thus we can assume that y is not adjacent to the vertices {a, b, c, d, e} in G, since
otherwise V (S)∪ V (C)∪ {xt+1}would generate C5,t in G. Without loss of generality we can assume that x is not adjacent to
the vertices {a, b, c, d}. So x1, x2 are adjacent in G to the vertices {a, b, c, d} and we get C5,t generated by X ∪{a, b, c, d} in G.
Case 2. Let yxi 6∈ E(G) for each xi ∈ X such that xxi 6∈ E(G). Then yxi 6∈ E(G) for each i = 1, 2, . . . , t + 1. Since t ≥ 2 and G
does not contain 2C5, the subgraph induced by X − {xt+2} in G is Kt+1. By symmetry of v and y, we assume vxi 6∈ E(G) for
each i = 1, 2, . . . , t + 1. Thus vy ∈ E(G), else G contains 2C5 as a subgraph generated by {v, x1, x, x2, y} ∪ {a, b, c, d, e}.
Case 2.1. Let xz 6∈ E(G) for each z ∈ V (C), then each vertex of P ⊂ Q ∪ V (C)(|P| ≥ 4) is not adjacent to y in G, since
otherwise G would contain C5,t . So each vertex of P is adjacent to each vertex of X − {xt+2} in G, since otherwise G would
contain 2C5. Thus we get C5,t in G generated by X − {xt+2} ∪ P .
Case 2.2. Let xz ∈ E(G) for some z ∈ V (C). Hence, without loss of generality we can assume that xe ∈ E(G). Moreover,
xxt+2 6∈ E(G) and xz 6∈ E(G) for each z ∈ V (C)− {e}, since otherwise Gwould contain C5,t . Hence, by the case, yxt+2 6∈ E(G)
and the subgraph induced by X in G is Kt+2, since otherwise Gwould contain 2C5.
We can assume that y has at most two neighbours from V (C) in G, since otherwise either t ≤ 3 and the proof is done or
t > 3 and at least two vertices from Q , say q1, q2, are neighbours of y in G, and then either {q1, q2, x} ∪ X generates C5,t in
G or we get 2C5 in G. Therefore we can assume that y has at least three neighbours from V (C) in G. By symmetry, v has at
least three neighbours from V (C) in G.
Hence, by symmetry of y and v, without loss of generality we have three subcases.
Case 2.2.1. Suppose that {y, c}, {v, b} ∈ E(G). Then {v, xi, y, c, b} are consecutive vertices of C5 in G for each xi ∈ X . Then
axi, dxi ∈ E(G), since otherwise {v, xj, y, c, b} and {a, e, d, x, xi} would generate 2C5 in G, for some 1 ≤ i 6= j ≤ t + 2 (for
example i = 1, j = t + 2). Thus bx1 6∈ E(G), since otherwise the set {a, b, d} ∪ X would generate C5,t in G. Hence the sets
{a, e, d, c, x} and {v, x2, y, x1, b} create cycles in G, a contradiction.
Case 2.2.2. Suppose that {y, b}, {v, a} ∈ E(G). Then {v, xi, y, b, a} are consecutive vertices of C5 in G for each xi ∈ X . Thus
we can assume that bxi, exi ∈ E(G) for each xi ∈ X , since otherwise V (C) ∪ {v, xi, y, x, xj}would generate 2C5 in G for some
distinct xi, xj ∈ X . Thus, the set {b, e} ∪ X induces Kt+4 in G. Hence axi, cxi, dxi 6∈ E(G), since otherwise {e, b, s} ∪ X would
generate C5,t in G for some s ∈ {a, c, d}. Thuswe get 2C5 in G generated by {v, x3, y, b, a} and {c, d, x1, x, x2}, a contradiction.
Case 2.2.3. Suppose that {y, a}, {v, e} ∈ E(G). Then {v, xi, y, a, e} are consecutive vertices of C5 in G for each xi ∈ X . Thus
we can assume that bxi, dxi ∈ E(G) for each xi ∈ X , since otherwise {xi, x, d, c, b} would generate C5 in G and we get a
contradiction. Then cxi, axi, exi 6∈ E(G), since otherwise {d, b, s} ∪ X would generate C5,t in G for some s ∈ {a, c, e}. So we
get 2C5 in G generated by {c, x, x1, y, x2} and {e, a, x4, v, x3}, a contradiction.
The proof is done. 
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4. Conclusion
We conclude with remarks to Theorem 4. Let us consider the graphs F = C5,t ∪ C5,q ∪ C5,s and B = 2C5, where t > 2q,
q ≤ 2s and t, q, s ≥ 2. By Theorem 6, each component of F is 2C5-good. Note that p(n1) = 0 and p(n2) = 1. Thus the
assumption of Theorem 4 does not hold for F and 2C5. Evidently, the condition of Bascoro et al. does not hold as well.
By Theorem 3 we get R(F , 2C5) = t + 10 + max{t, 2q + 5, q + 2s + 10}. By Theorem 4 we get only the upper bound
R(F , 2C5) ≤ 2(t + 5)+ (q+ 5)+ 2(s+ 5).
Similarly, by Theorem 5, the components of the graphs H = C5,7 ∪ 2C5 and F = C5,18 ∪ C5,7 ∪ 2C5 are C5-good. So, by
Theorem 3, we get R(H, C5) = 26 and R(F , C5) = 48 and the right side of the formula in Theorem 4 gives the upper bounds
28 and 50, respectively. Such difference follows by the fact that the graphs H, F do not satisfy the condition of Theorem 4.
Evidently, the condition holds for all graphs consisting of G-good components, where G is a bipartite graph.
We recall the following problem [2]. Characterize the sequences of orders of the components of the graph F for which
the formula of Theorem 4 holds.
References
[1] E.T. Baskoro, Hasmawati, H. Assiyatun, Note. The Ramsey number for disjoint unions of trees, Discrete Math. 306 (2006) 3297–3301.
[2] H. Bielak, Ramsey numbers for a disjoint union of some graphs, Appl. Math. Lett. 22 (2009) 475–477.
[3] V. Chvátal, Tree-complete graph Ramsey number, J. Graph Theory 1 (1977) 93.
[4] R.J. Faudree, R.H. Schelp, All Ramsey numbers for cycles in graphs, Discrete Math. 8 (1974) 313–329.
[5] S. Stahl, On the Ramsey number r(F , Km)where F is a forest, Canad. J. Math. 27 (1975) 585–589.
